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CAUCHY INTEGRAL EQUALITIES AND APPLICATIONS

BOO RIM CHOE

ABSTRACT. We study bounded holomorphic functions n on the unit ball B,
of C" satisfying the following so-called Cauchy integral equalities:
Cla™*!a) = yyn™ (m=0,1,2,...)

for some sequence y,, dependingon m. Among the applications are the Ahern-
Rudin problem concerning the composition property of holomorphic functions
on B, , a projection theorem about the orthogonal projection of H2(B,) onto
the closed subspace generated by holomorphic polynomials in 7, and some
new information about the inner functions. In particular, it is shown that if
we interpret BMOA(B,,) as the dual of H!(B,), thenthemap g — gon is
a linear isometry of BMOA(B,;) into BMOA(B,) for every inner function n
on B, suchthat 7(0)=0.

1. INTRODUCTION

Let n be a positive integer. Throughout the paper C" denotes the n-
dimensional complex space with corresponding unit ball B = B, whose bound-
ary is the unit sphere S =S, . The unique normalized rotation-invariant Borel
measure on S is denoted by ¢ = g,. When n = 1, we use more customary
notation U and T in place of B, and S|, respectively. The symbol P, stands
for the class of holomorphic homogeneous polynomials 7 on C” normalized
so that n(B) = U. It is assumed that n > 2 unless the contrary is explicitly
stated.

In their recent paper P. Ahern and W. Rudin have posed the following prob-
lem [AR1, Problem 3.5]:

If n is a function holomorphic on B and continuous on B such
that n(B) = U, then what additional hypotheses are needed
to ensure that m has the pullback property from Z(U) to
BMOA(B) (i.e., gon € BMOA(B) for every g € #Z(U))?

See §2 for notation. This Ahern-Rudin problem has not only its own interest but
also some other applications. Its origin apparently goes back to P. Ahern’s paper
[A]. In [A] P. Ahern proved that 7(z) = n"! 2zl -++z, has the pullback property
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from % (U) to BMOA(B) to derive the pathological boundary behavior near
the maximum modulus set Maxn = n_'(T) NS of some BMOA-functions on
B. His method was used by P. Russo [Rus] to prove the same property of
the sum-of-squares n(z) = zf +- 4+ zi for the same purpose (D. Ullrich [U]
has recently obtained a penetrating result concerning the boundary behavior of
BMOA-functions). Then P. Ahern and W. Rudin [AR1] found a new proof of
these results which allowed them to obtain the same property of every mono-
mial 7= € P, and observed new consequences concerning the boundary zeros
of functions holomorphic on B. In [AR2] they derived another consequence,
namely, Paley-type gap theorems which have no analogue in the one variable
case.

The main observation in [AR1] leading to a new proof of the above BMOA-
results in [A] and [Rus] is that if z € P, is a monomial or the sum-of-squares,

then the sequence C [7:'"“7‘:] of Cauchy integrals satisfies the following:

Cla™'al=y, 2" (m=0,1,2,...)
for some sequence y,, satisfying

do(m) 1
(%) 7m=1—W+0(;§) as m — oo
where Jd(n) > 0 is the topological co-dimension of Maxzn in S. More pre-
cisely, d(n) = (2n—1)—dim(Max n) where dim(Max z) denotes the topological
dimension of Max . For the positivity of d(x), see [Ru2, §11.4].
For brevity this sequence of equalities will be called the Cauchy Integral

Equalities (CIE). Note that if CIE holds as above, then it is necessary that

ym=/|7t|2'"+2a’a// " do
s s

and therefore y, — ||7t||c2>° =lam—-ooccifnel,.

In §2 we briefly describe standard function spaces and related facts that occur
in this paper. In §3 it is shown that every n belonging to a certain subclass of P,
satisfies CIE with the same estimate (*) and therefore solves the Ahern-Rudin
problem (see Theorem 3.7). This will be based on two previous cases: roughly
speaking, such 7 is a direct product of powers of two special kinds of functions
mentioned above. But the example given at the end of the section shows that
CIE holds only for very special = € P, and therefore suggests that something
analogous to Theorem 3.7 is as far as we can go by using CIE method. This
is why we study in §4 some general facts, Theorems 4.5 and 4.6, related to the
Ahern-Rudin problem which reveal a close connection between this problem
and the orthogonal projection Q, of the Hardy space H 2(B) onto X* (m), the
closure in HZ(B) of holomorphic polynomials in 7. If one wishes to attack
the Ahern-Rudin problem for the whole class P, , Theorem 4.5 naturally yields
two questions which may be of some independent interest (see Definition 4.1
for notation):
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Question A. If n € P, then does Q, extend to a bounded projection of H ! (B)
onto X' (m)?

Question B. If n € P, then does 4'(n)* = & (U) hold?

The answer to Question A is yes if n satisfies CIE: Theorem 5.3 contains a
much stronger result for such 7. Note that Q, extends to an integral operator
(see Example 4.2(2)) of L'(a) into the space of holomorphic functions on B.
In this context the situation is quite different: it follows from [K, Theorem (10)]
that Q_ is always unbounded on L' (6) . The answer to Question B is also yes if
n belongs to a large subclass (called €2, in [C2]) of P, containing all functions
n as in Theorem 3.7. One can deduce this fact from the main result of [C2]: the
details can be found in [C1]. Also note that these observations provide another
proof of Theorem 3.7.

Finally in §5 we derive another consequence of CIE concerning the orthogonal
projections Q (see Theorem 5.3). Such a projection theorem was previously
proved by W. Rudin [Rul, Theorem 4.5] in the special case when 7 is an inner
function such that n(0) = 0. This projection theorem and Theorems 4.5 and
4.6 imply an interesting consequence, Theorem 5.4:

if m is an inner function on B (n > 1) such that n(0) =0,
then the map g — gom is a linear isometry of BMOA(U) into
BMOA(B).

Note that a similar (and easy) result in the H?”-context also holds.

2. PRELIMINARIES

Throughout this section n > 1. Let 1 < p < co. The Hardy space H”(B)
consists of functions f holomorphic on B such that

1A Wiz = SuP /S &) do(&) < oo.

It is well known (see [Ru2, Theorem 5.6.4]) that if f € H?(B), then f*(&) =
lim,_, f(r&) exists for [o] a.e. £ €S . Moreover, the map f — f* isa linear
isometry of H?(B) onto H?(S), the closed subspace of L”(g) consisting of all
boundary values of H”-functions (see [Ru2, Theorem 5.6.8]). This is the reason
why we often use the same letter for a function f € H?(B) and its boundary
function f € L?(o). For simplicity we will also identify H”(B) with H”(S).

The Cauchy integral of a function f € L'(a) will be denoted by C[f]. We
shall use the fact that the map f — C[f], when restricted to Lz(a) , 1s the
orthogonal projection of Lz(a) onto H 2(B) . For details see [Ru2, Sections 3.2
and 5.6].

The most convenient definition of BMOA(B) for our purpose is perhaps a
little bit artificial: BMOA(B) consists of all f = C[y] where y € L®(0).
The BMOA-norm of f is

"f"BMOA(B) = inf{”'//”[,oo(a): C[W] = f} .
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It is easily seen via the Hahn-Banach theorem that BMOA(B) is isometrically
isomorphic to the dual of H '(B). More explicitly, given a bounded linear
functional A on H l(B) , there exists a unique f € BMOA(B) such that

Ag) =/gfda for every g € H*(B).
s

In addition, if this is the case, then ||Al| = [|fllgpoa(p) - It is clear from this
definition that H°(B) C BMOA(B) c H?(B) for all p < co. The usual defini-
tion of BMOA(B) is as follows: BMOA(B) consists of all f € HZ(B) whose
boundary functions f* are functions of bounded mean oscillations with respect
to the nonisotropic metric on S that corresponds to the Koranyi approach re-
gions. It then turns out that BMOA(B) has a natural identification with the
dual of H l(B) : see [G] for one variable and [CRW] for several variables.
The Bloch space Z#(U) is the space of all functions f holomorphic on U

such that

sup(1 — A")LS ()] < oo.

ieU

In the present paper we will not use any general property of Bloch functions
and refer to [G] and [ACP] for a more detailed description of the Bloch space.

The class of nonconstant bounded holomorphic functions # on B such that
sup,.p |m(z)| = 1 will be denoted by H, . Finally the notation (, ) denotes

the inner product on Lz(a). The dimension involved in C[f] or ( , ) will be
clear from the context.

3. CAUCHY INTEGRAL EQUALITIES

We shall show that CIE holds for a certain, but very special, class of functions
n € P, with the same estimate (*). The so-called integration by separation
will play an important role in generalization of known cases. As immediate
consequences we will observe the gap theorems and the pathological boundary
behavior of some BMOA-functions.

Before going further we introduce some notation. Suppose y and ¢ are
C-valued functions on E c C* and F c €' , respectively. We shall let ¥ ® ¢
denote the function on E x F ¢ C* x €' = C**! defined by (v ® ¢)(z,w) =
y(z)¢p(w) for (z,w) € E x F. For more than two functions ¢,, ... ,¢p ,

P_ ¢, is defined inductively.

The following integral formula has been proved in [C2]. The symbol v,
denotes the normalized volume measure on C.

Lemma 3.1 (Integration by averaging). If k and [ are positive integers such that
n=k+1, then for every f € Ll(an)

[ rao,= (") [ [ sz 1=l deen -1z an ()

holds. O
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In the following a continuous function f on C"\0 is called positively homo-
geneous of degree d if

fltz)=tf(z) (t>0,zeC"\0).

Proposition 3.2. Suppose that k and | are positive integers such that n =k +1.
Let d > —I and ¢ be a positively homogeneous function on C"\0 of degree 2d
such that [g ¢do;=1. Then

/Sn'//®¢dan= (nzl)/Bk w1 = 12 dv (2)

for every y € L' (1) where dt(z) = (1 - |z[)** "' dv,(z) on B,.
Proof. This is immediate from Lemma 3.1 and homogeneity of ¢. O
Proposition 3.3 (Integration by separation). Let ¥ and ¢ be positively homo-

geneous functions on Ck\O and CI\O, respectively. Suppose that w and ¢ are
of degree 2s and 2d, respectively, where s > —k and d > —-1. Let n=k +1.

Then _I'(m'(k + F(l+d)
n s
/S"!//®¢d ‘/Sk dak/quJ,

" T(n+d +s)[(k)T(])
Proof. We may assume that fs ydo, =1= fs ¢ da, . By Proposition 3.2,

vesdo,= ("} ) / w(z)(1 - 12 v (2).

Compute the right side of the above in polar coordinates by using homogeneity
and obtain I'(n)['(k + )I'(/ +d)/T(n+d +s)['(K)I'(l). O

By repeating integration by separation one obtains the following corollary.
Note that the familiar formula of the Lz(a)-norm of holomorphic monomials
on C”" is a special case of this corollary.

Sn

Corollary 3.4. Let ¢, be positively homogeneous functions on C”\O of degree
2d; where d,> —I, for i=1,...,p. Let n =1|+"‘+1p and d=dl+-~-+dp.
Then

_ I, +d,)
/®¢ do, l"(n+d)H ) ¢ida,'_. m}

"ll

In the following lemma j denotes the constant function 1 on c.

Lemma 3.5. Let y € P,. Suppose ¢ € P, or ¢ = j. Define n =by @ ¢ where
b >0 ischosen sothat n € P, (n=k+1). If y and ¢ satisfy CIE, then so
does n. Moreover, for every m,

TR L. s O [l_%J’O(i‘)] m o=

2
m m -
(™, 77 [1——1—n-+0<1
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where
m+1 m+1 )

=WV and b, =

< ¢m+l ¢m+l)
Note. When Max y and Max ¢ are manifolds, it is easily verified that if w and
¢ satisfy (x), then so does .

Proof. Let d = degy and s = deg¢d. To show that = satisfies CIE, it is
enough to show that there is a sequence y,, such that

(2) (7™ mhy =y, (" k) (m=0,1,2,...)

for every monomial 4 = :f® g where f € P, and g € P,. Fix m > 0 and such
an /& . Note that both sides in (2) vanish unless deg f = dm and degg = sm.
Thus we may assume that deg f = dm and degg = sm . It follows from the
integration by separation that

(nm+l ,71']1) — bm+2(wm+l ®¢m+l , V/f® ¢g)
_oma2I(m)I(k + md + d)I'(I + ms +5) m m
= RTOT s md +ms+d 15 °momt¥ N7, 8)
On the other hand we have in a similar way
(7" hy=b"(y" 4", f®g)
_ o omI(m)(k + md)T(I + ms), m m
= R IT O + md v ms) ¥ D08
Comparison of these two identities leads to (2) with
3 — b b I'(k + md + d)I'(I + ms + s)I'(n + md + ms)
(3) Ym =0 @y mT(k + md)T(l + ms)T(n+md + ms+d +s)’
Consider the case ¢ € P,. Since s > 1, we have by (3)

d—1

s—1 d+s—1
4 7, = bzambm (H(k +md + 1) H(l + ms + i))/ I (n+md+ms+i).

i=0 i=0 i=0
Since y,, — 1 as m — oo, we obtain

p2_ (d+ )7+ .
d’s’
Insert the above into (4), divide numerator and denominator by the constant
that makes both monic and compute the coefficients of m®*~! . This yields
(1) when ¢ € P,.
If g=j,then b=1, b, =1, and s =0. Thus from (3),

d-1 d-1
Ym=ay, [[(k+md+i) [ [[(n+md+i).

i=0 i=0

This implies (1) when ¢ = j. The proof is complete. O
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Lemma 3.6. Suppose that n € P, satisfies CIE. Then
(1 n° satisfies CIE for every positive integer d . In addition, if n satisfies

(%), then so does .
(2) mo % satisfies CIE for every unitary transformation % on C".

Proof. Let y, = ("', 2"y /(x™ ,n™) . Then we have by assumption
Clx™'nl=y, 2" (m=0,1,2,...).
Fix an arbitrary h € H? (B) . Then, for positive integers k and /, we have
(n T h) (7z z,n 'y = y,_l(nl_1 ,nk_lh).
Repeating this, we find for / > k> 1

I _k -k
(m,m h>=3’1_1"‘y1_k(7t Sh).
In other words, C[nlftk] =Y ~~-y,_k7z1'k . Thus
1) _d d
Cln Aty )= Yamed—1 " Vam™ "

and therefore n° satisfies CIE. Clearly o(n) = 6(nd). Now if
Vp=1- 6(7r)+0< ) as m — oo,
m?

then
o(m)

=1-s5—"—=+0 L1 as m—
Yamei = 1T 2 @m + 1) - 0
uniformly in 0<i<d - 1. Also,
1 1 1
m-m’”o(;) as m — oo,

uniformly in 0 <i <d - 1. It follows that

o(n
Vamid—1"" VYam =1— ( )+0(m) as m — o0o.

This proves (1). (2) is a consequence of the fact that Cauchy transform com-
mutes with the action of unitary group [Ru2, Lemma 3.2.2]. The proof is
complete. O

We now come to the main result of this section which generalizes the results
of P. Ahern, P. Russo, and Ahern-Rudin mentioned in §1.

Theorem 3.7. Let ¢, € 9 be a monomial or a power of the sum-of-squares on
ch for i=1,...,p. Define n = b(®f=| @;) where b > 0 is chosen so that
ne€P(n=1I+--+1). Then n has the pullback property from % (U) to
BMOA(B).

Proof. By Lemma 3.6 each ¢, satisfies CIE as well as () and therefore so does
n by Lemma 3.5. For the pullback property from % (U) to BMOA(B), see
the proof of [AR1, Theorem 3.3]. O
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Let us look at some consequences of Theorem 3.7.

Boundary behavior. 1t is known [B] that there exists a Bloch function g on U
such that there is no curve in U approaching T along which g has a finite
limit. Let n be a function as in Theorem 3.7 and define f = gon. Then by
Theorem 3.7 f € BMOA(B). Itis not hard to see that f satisfies the following:

(a) f has a finite limit along no &-path for every & € Maxn ,
while [ extends to a holomorphic function across S\Maxn .
Here, a &-path is a continuous map y:[0,1) — B such that
y(t) approaches & as t —1_.

(b) To each £ € Maxn corresponds a set E, C T with 6,(E,) =
0 such that fé(R”) is dense in C for every n € T\E, where
R,7 denotes the radius ending at n and ff is the slice function
A— f(AE) for A€ U.

In fact property (b) is a consequence of Plessner’s theorem [G] (see [RR, The-
orem 4.2]) and the fact that every slice function of a BMOA-function on B is
a Bloch function on U (see for example [AR1]). Note that Max 7 is topolog-
ically equivalent to $™ x --- x §™ x T™ for some m,, ... ,m, and m such
that p < m and 15ml+-~+mp+m§n.

Gap Theorem. P. Ahern and W. Rudin [AR2] have recently shown the Paley-
type gap theorems for H ! (B) (Theorem 3.1 and a part of Theorem 5.3 in [AR2])
in case 7 € P, is a monomial or the sum-of-squares. The only properties of
these n (except m € P,) used in their proof are the following:

(a) m has the pullback property from % (U) to BMOA(B).
(b) (x",2") ~ (1/ym)’™.

The notation ~ means that the ratios of two terms are bounded above and
below. The author [C2] has proved that (b) holds for a large class of func-
tions 7 € P, containing all functions # as in Theorem 3.7. We conclude that
Ahern-Rudin’s Paley-type gap theorems mentioned above hold for every n as
in Theorem 3.7.

We now give an example which shows that CIE holds only for very special
functions 7 € P,. Remark 2.4 in [AR1] shows that CIE holds only for some
special n € P,: n(z,,2,) = zf + azg (a # 0) satisfies CIE if and only if
la] = 1. Also it can be shown that n(z) = alzf +- 4 anzi (a; # 0 for every
i) satisfies CIE if and only if |a,| = --- = |a,| = 1. Thus it is tempting to expect
that certain “symmetry” plays a significant role in CIE. The following example,
however, shows that CIE has nothing to do with “symmetry”.

Example 3.8. Assume that n(z) = z‘f +-+ z: € P, (d > 2) satisfies CIE.
We claim that d = 2. Fix m > 0, put y_ = (z""', z™*"y/(n™,n™) and let

m
a=(a,...,a,) be any multi-index such that o, +---+a, =m and ; >0
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for every i. Then, since holomorphic monomials are orthogonal in L? (o), we
have by Corollary 3.4

<nm+1 , nfda) =, (ﬂm ,fda)
= 7, D) e gy

I(m + 1)[(n) (de)!
T 'm T(n+dm) o

But, by a direct calculation
n
(nm+1 , nfda) — Z<nm+l ,f:-ifda)
i=1
_T(m+2) Z Elede glete
T o ~ (a;+1)

I'(m + 2)['(n) (da)!
“Thn+tdm+d) o

}:d(da +1)--(do;+d - 1).

It follows that

1—d (dm+n)-(dm+d+n—1)
m do,+1)---(da;,+d -1
IZ:T( a;+ 1) (do, )=V ey

The right side of the above approaches d®! as m — 0. On the other hand,
taking a, =--- = a, =k and m = kn in the left side of the above, we obtain

lim U Ak + 1) (dk+d - 1) = n* %"

2—d=l

and therefore n . In other words d = 2 (recall that n > 2).

The above example leads to a natural question: is there any concrete char-
acterization of functions = € P, (or H,) satisfying CIE? We will see a rather
abstract characterization at the beginning of §5.

4. SOME GENERAL FACTS

The Ahern-Rudin problem is in essence a duality problem in view of the fact
that Z(U) is the dual of so-called weighted Bergman spaces (see for example
[A]). In this section we obtain some general facts related to the Ahern-Rudin
problem in this direction. See Theorem 4.5 and 4.6 below. We will also apply
these two theorems to prove Theorem 5.4 in §5.

Definition 4.1. Suppose n >

l and 1 < p <oo. Let € H, and pu, =

o[(z*)"']. Welet L?(n) = L’(U,dp,) and A° () denote the closed subspace
of LP(n) generated by holomorphic polynomials on C. The closed subspace
of H”(B) generated by holomorphic polynomials in 7 is denoted by X?(x).

The symbol K, denotes the orthogonal projection of L2(7t) onto A2(7t) and

Q, the orthogonal projection of HZ(B) onto X 2(7t).
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The space A'(n)* consists of all g = K, [w] where y € L®(n) = L*(U ,dpu,) .
The A'(n)*-norm of g is

”g"AI(,,)— = inf{”‘//"Loo(n): K,,['//] =g}.

It is immediate from this definition that
(1) KWW g1y S NNl Loy fOr ¥ € L (7).

As before (see §2), A'(n)* is isometrically isomorphic to the dual of A'(n).
Clearly A'(n)* c 4%(n).

The space X l(n)* consists of all g = Q [w] where ¥ € BMOA(B). The
X'(n)*-norm of g is

”g”xl(n)- = inf{”'/’”BMOA(B): 0,lvl= g}

Also X'(m)* is isometrically isomorphic to the dual of X l(7:) and X'(n)* C
XX(n).

Finally, D, is the composition operator ¥ — y o n* of Lz(n) into Lz(a)
and associated with D_ is the adjoint operator D; of Lz(a) into L’ (n) defined
by the requirement that

/fD,,wd6=/_D;fv7dﬂ,,
S U

for every f € Lz(a) and y € Lz(n).

Let us look at some examples. Recall that a function = € H, (n > 1) is
called inner if |z°| =1 [o] ae.

Example 4.2. (1) Let n € H, (n > 1) be inner and put n(0) = a. Then
[Rul] du, (&) = P(a,&)do (&) where P denotes the Poisson kernel on U. It
follows that L?(n) and L”(g,) are the same space with two equivalent norms.
Moreover, if ¢, (1) = (a—-4)/(1 —al) (A€ U), then the map ¥ — y o ¢,
is a linear isometry of L”(n) onto L”(o,). In particular, if a = 0, then
L?(n) = LP(a)), A°(n) = H?(U), K, is the Cauchy projection of Lz(al) onto
H*(U) and

_ [ f@do)
0.1 = [ LTSS (zeB)

because {n™} is an orthogonal basis for X*(r). In general 4”(n) and H”(U)
are the same space with two equivalent norms and hence L’ (n)nAz(n) = A (m)
for 2 < p < co. Note that 4'(n)* = BMOA(U) if a=0.

(2) Let = € P,. It is shown by the author [C2] that u, <« m (m denotes
the area measure on U) and the Radon-Nikodym derivative w = du,/dm isa
positive [m] a.e., radial, integrable function on U . Hence L’ (n) = L”(wdm).
Since w is radial, it is easily seen that 4°(n) = L”(n)n H(U) where H(U) is
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the class of functions holomorphic on U . In particular, L’ (x) nAz(n) = A’ (n)
for 2<p < o0o. Since {n™} is an orthogonal basis for X 2(7z) , we have

[o <] nm z 7_tm
o) = [ 1oy T do)  (zeB).
N m=0 (n ’n )
For the convergence of the kernel function see [K].
In what follows X> (7:)l denotes the orthogonal complement of X 2(7[) in

H? (B) (not in Lz(a)). We first prove a couple of lemmas which will also be
used in the proof of Proposition 5.1 and Theorem 5.3 in §5.

Lemma 4.3. Suppose n>1 andlet n € H,. Then

* 2 2 *, 1,2
(1) D(H’(B)) = A’(n) @ D,(X*(n)"),
) Q,=D, oK, oD, onHB).
Proof. By a standard approximation we have

/won‘da:/__y/dun for y € L'(n).
s T

From this we easily find the following:
(a) D, is an isometry of Az(n) onto X*(m),
(b) D (z")=2" (m=0,1,...).
It follows that D;(X 2(7z)) = Az(n) . On the other hand, given m > 0 and
he X*(n)*t
O=(nm,h)=[ﬁlm_5;_hdun
and therefore
(3) Dy(X*(x)") c A’(m)".
This proves (1). Note that D, o K o D; annihilates X 2(7:)l by (3) and D, o
K, oD} is the identity on X’(n) by (b). This proves (2). O
Lemma 4.4. Suppose n > 1 and 1 < p < oo. Let n € H,. Then for every
he L*(o)
/_ DA du, < / h? do
U s
holds.

Proof. F_irst consider the case p = 1. By duality it is sufficient to show that if
y € C(U), then ||y o n‘lll_m(a) < ||v/||L°°(") . Let E be the essential range of

n”. Then u, lives on E. Therefore, if y € C(U), then

1V 07l gy < sup{lW 0 7" @)]: € € (x") ™ (ED}
<sup{ly(A)|: A € E}
= ”‘//”Loo(a)'
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This proves the lemma when p = 1. A similar duality argument shows the
lemma when 1 <p<oo. 0O

Theorem 4.5. Suppose n > 1 andlet n € H, . Then the following are equivalent:
(@) ICID, &llpmoncs) < cllgll g1(n)- Jor every g€ 4'(n)",

(0) 11Q, A1l 15y < cllll g, Sor every h € H*(B)
where ¢ = c(n,n). Two constants in (a) and (b) are the same.

Proof. We first prove the implication (a) = (b). Fix & € HZ(B) and y €
C(U). Then we have

‘ /v K, D hlydp,

= ’/UD;hgdun' where g = K_[y]

=|(h,D,g)| by definition of D;

< ||h||H,(B)||C[Dng]||BMOA(B) by definition of BMOA(B)
S cllhll (g€l 41(z)- DY assumption

< C“han(B)“‘//“Loo(,,) by 4.1.(1).

Thus by duality we have

K DAl it < el -

But by Lemma 4.3 the left side of the above is exactly the same as ||Q_[A]]|,, (B) -

Now we prove the converse implication (b) = (a). Fix & € HZ(B) and
ge A'(n)". Then, since D, g € X*(n), we have

(h.D_g) = (Q,[h],D,g) = /ED,',Q,,[h]g du_ .

Since D}Q,[h] € A(n), it follows that

|(h, D )| < 1103 Qu 41l g€l 1 (x)- by definition of 4'(z)"

S "Qﬂ[h]”Hl(B)”g”Al(n)‘ by Lemma 4.4
< cl|ll g g lI&Nl 41(n)- Y assumption.

In other words, ||C [Dng]HBMOA( B < cllgll Al(m) - The proof is complete. O
We now conclude this section with the following.

Theorem 4.6. Suppose n > 1 and let n € H,.

A'(n)* onto X'(n)*.

Proof. Fix ge Al(n)' . Given f e Xz(n) , by Lemma 4.4,
(> D, &) < ID, S s |8l ar ey S M N er ) 1811 g1 - -

Then D, is an isometry of

Thus, by definition of X'(n)", D,g € X'(n)* and D, &llyin- < 18]l 41(ny- -
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Conversely, let h € X l(n)‘ . Then he X 2(7t) and thus h» = D, g for some
g€ Az(n) . Now we have for every f € A2(7z)

| f2 | = D1 1 < 1CTD a1 = 1 -

This shows D, maps 4'(n)* onto X'(n)* and D8l x1 () = 18 41z fOr

every g € A'(n)*. The proof is complete. O

5. PROJECTIONS

In this section we observe another consequence of CIE concerning the or-
thogonal projections Q_ in Theorem 5.3. As an application of this projection
theorem we derive some new information about inner functions which was men-
tioned at the end of §1. We begin with a characterization of functions = € H,
satisfying CIE in terms of D] .

Proposition 5.1. Suppose n > 1 and let n € H,. Then the implications (a) =
(b) & (c) © (d) hold among the following properties of n. If {»n™} is orthogonal
in H*(B), then (b) = (a) also holds.

(a) m satisfies CIE,

(b) D(X*(m)") =0

(c) D;(H*(B)) = 4’(x),

(d) Di(H*(B)) C A(x).
Proof. By Lemma 4.3 the equivalence of conditions (b), (c) and (d) is easily
veriﬁed Now we prove the implication (a) = (b). Fix he X 2(7:)l and put

= (™", 2™y /(x™ ™) . By the proof of Theorem 3.6 we have

{ (' 7hy=y_, v 7 Ry =0 forl>k,
(n’,nkh) =P Pefl ,nk_lh) =0 forl<k,
because /#(0) = 0. It follows that

/_lllle;};d/zn =0 foreveryl,k>0.
U

Since polynomials in 4 and 1 are dense in Lz(n) , we obtain D;h =0 as
desired.

Now we suppose that {n™} is orthogonal in H 2(B) and prove the converse
implication (b) = (a). We will show

(1) (x™*' hy =y, (2", h) for every h € H(B).

Fix he HZ(B) . Since {n™} is an orthogonal basis for X> (m), we have

Qn[h] Z (h 75 m.




350 BOO RIM CHOE

Therefore, since D}(z™) = 1" and D:(X’(n)") =0, we see

* * ad (h,ﬂm) m
Dih=D.Q =Y Xl m
m=0 {n™,77)

Note that {4} is also an orthogonal basis for A2 (m) . Consequently,

m+l /Am+l
)
/l |2m+2

—y( Jh

This shows (1) and the proof is complete. o

Remark 5.2. Property (d) above plays an important role in the proof of BMOA-
results in [A] and [Rus]. As mentioned earlier, the new proof of these results in
[AR1] uses property (a). Note that they are equivalent if 7 € P, .

The following theorem generalizes a projection theorem of W. Rudin (see
§1). Note that every inner function trivially satisfies CIE.

Theorem 5.3. Let n > 1 and suppose that n € H, is inner or m € P, satisfies
CIE. Then Q_ extends to a bounded projection, with operator norm 1, of H’(B)
onto XP(n) for 1 <p<oo.

Proof. By Proposition 5.1 D’(H(B)) = A*(n). Thus Q, = D, oD on H’(B)
by Lemma 4.3. It follows from Lemma 4.4 that

(1) 1Q, Ul sy < Nl g

forevery h € Hp(B)nHZ(B) (1 <p <oo). Hence Q, is a bounded projection
of H”(B) onto H”(B)nX*(n) for 2<p < oo. For 1 <p <2, Q_ extends to
a bounded projection of H”(B) onto X”(n) by (1) because H*(B) and X°(r)
are dense in H”(B) and X”(r), respectively. Clearly the operator norm of Q_
is 1 in any case.

It remains to prove H’(B) an(n) = XP(m) for 2 < p < co. Clearly
H(B) N X*(n) > X’(n). Suppose h € H?(B) N X(n). Then h = D_g for
some g € A%(n). In addition g € 4%(n) N L’ (n) = A”(n) (see Example 4.2).
It follows that & € X?(n). The proof is complete. O

Theorem 5.4. Let n € H, (n > 1) be an inner function such that n(0) = 0.
Then the map g — g o is a linear isometry of BMOA(U) into BMOA(B).
Proof. Fix g € BMOA(U). Since n(0) =0, A'(n)" = BMOA(U). Thus by
Theorems 4.5 and 5.3

* *
”C[g on ]”BMOA(B) < ”g”BMOA(U) .
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It is known (see for example [Rul]) that (gon)* = g"on*[g] a.e. and therefore
we have

llg o n“BMOA(B) < "g”BMOA(U) .

Now since gom € X 2 (m) N BMOA(B), we have by definition of X l(n)* and
Theorem 4.6

”g"BMOA(U) =|lgo 7‘",\"(7:)' <llge n"BMOA(B) .

The proof is complete. O

Corollary 5.5. Let n € H, (n > 1) be inner and put n(0) = a. Then for every
g € BMOA(U)

g o n"BMOA(B) =|lgo ¢a"BMOA(U)
holds. Here ¢,(2) =(a—A)/(1 -al) (A€ ).
Proof. Apply Theorem 5.4 to the inner function ¢, oz and use the Mobius-
invariance of BMOA(U). O
Remark 5.6. As a special consequence of Corollary 5.5 we have gom €
BMOA(B) whenever ¢ € BMOA(U) and n € H, (n > 1) is inner. As
far as this property is concerned, P. Ahern pointed out more, namely, that the
same holds whenever ¢ € BMOA(U) and n € H, (n > 1). Sketch of proof.
It is easy enough to assume 7(0) =0. Let

_ [ f&)da() 2

Then
1
D7) <2 [ If@IRe (=557 ) 4o1@) +1/00)

and therefore ||Df||H,(U) < 3||f||H.(B). By duality we have ||g o 7llpmoacs) <
3||gllpmoa(y)B - Note that this proof depends on the positivity of real part of
the Cauchy kernel on U, which is not the case when n > 2. In fact it can be
shown that there exists a holomorphic (even continuous up to the boundary)

map II: B, — B, such that g oIl ¢ BMOA(B,) for some g € BMOA(B,).
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